Introduction
Artin [Ar74] proved that, in any characteristic, there is a unique irreducible component A ("the Artin component") of the deformation space of a given rational surface singularity X s that contains all those deformations that can be simultaneously resolved after some finite covering of the base. Burns and Rapoport conjectured [BR75] , Conjecture 7.4, that this covering is Galois and that its Galois group is the Weyl group corresponding to the configuration of (−2)-curves in the minimal resolution X ′ s of X s . This was proved by Wahl [Wa79] in characteristic zero; his proof depends upon the fact that this conjecture had already been proved when X s is a du Val singularity (these are also called Kleinian singularities, rational double points, simple singularities, ...) in earlier work by many people (Brieskorn [Br70] , Tyurina [Ty] , Slodowy [Sl] ).
They showed that, if the characteristic is either zero or bigger than the relevant Coxeter number, then one way of achieving simultaneous resolution for du Val singularities is to embed the picture into the corresponding simply connected simple algebraic group. This approach also gives a complete description of the finite covering that is required, in terms of the associated Weyl group and its monodromy action. Much later this was extended to good characteristics [SB01] . All of this depends upon knowing that the formal, orétale, equivalence class of the singularity is determined by the combinatorial structure of the exceptional locus; that is, the singularities are taut. However, in bad characteristics they are not taut (although Artin, following work of Lipman [Li69] , showed [Ar77] , by giving a complete and explicit list of equations, that there are only finitely many isomorphism classes of each combinatorial type).
For types A and D Tyurina also showed that simultaneous resolution could be achieved without introducing algebraic groups into the picture by manipulating invariant polynomials under the Weyl group and then making a suitable explicit blow-up; this used the explicit equations defining the singularity. For type E the invariants appear to be too difficult for such a calculation to be possible; instead, Brieskorn and Tyurina independently used the idea of embedding the singularity into a del Pezzo surface. All of this too depends upon tautness. Each approach reveals that the necessary finite cover can be taken to have the corresponding Weyl group as Galois group.
Artin's approach requires neither that the singularities be taut, nor that they be realized on the unipotent variety of a simply connected simple algebraic group, nor that they be embeddable in a del Pezzo surface. In fact, there are du Val singularities of type E 8 in characteristic 2 which have none of these properties. This is because there are 5 types of E 8 singularity, while only 3 exist on a del Pezzo surface and localizing the unipotent variety of the group E 8 at the generic point of the subregular locus gives, of course, just one singularity. (In fact, although this plays no rôle here, this unipotent singularity lies on a del Pezzo surface S where the j-invariant of the anti-canonical curves is non-constant (this is equivalent to the existence of a smooth ordinary member of | − K S |), and this specifies S uniquely. In turn, this pins down the singularity of the unipotent variety. For this, see [GS] .)
Rather, Artin's approach only depends upon the singularity being rational. However, according to Artin, "This more precise result [concerning the Weyl group] does not follow directly from our method". Our main result, Theorem 2.6 1 below, is that in fact Artin's methods do give this result; that is, we prove Conjecture 7.4 of [BR75] . The idea is merely to embellish the definition of Artin's functor Res so as to include a suitable marking and polarization.
I am very grateful to Ian Grojnowski, Ian Leary and Michael Rapoport for valuable correspondence and suggestions.
Simultaneous resolution
Fix a perfect field k and a surface X s /k that is the henselization of a finite type kscheme at a finite set of closed k-points at which it has only rational singularities. Let X ′ s → X s denote the minimal resolution. We shall assume that all irreducible curves C in the exceptional locus with K X ′ s .C = 0 are isomorphic to P 1 k . (Of course, this assumption is vacuous if k is algebraically closed.)
Define the simple roots to be the classes of the irreducible exceptional (−2)-curves E 1 , ..., E l in X ′ s and set Q = ⊕ZE i , the root lattice. Put P = Hom(Q, Z), the weight lattice. Then there is a natural embedding ι : P ֒→ Pic X ′ s and the intersection pairing identifies Q with a sublattice of P . There is a dual basis
If Σ is the set of simple roots then the reflexions in the elements of Σ give a Coxeter system (W, Σ) that acts on P R and tesselates P R into chambers which are permuted simply transitively by W .
If D is any such chamber, Γ is the subgroup of the orthogonal group O P R that preserves P and Q and Stab D is the subgroup of Γ that preserves D, then Γ is a semi-direct product Γ = W ⋊ Stab D . Now suppose that S is the henselization at s of some scheme of finite type over some henselian excellent DVR Λ with residue field k and that f : X → S is a deformation of f −1 (s) = X s . Fix a chamber D as above and a prime ℓ that is invertible in O S . There are various stacks over S that we shall consider: Artin's functor Res X/S ; Res P,D ; Res P . Here are their definitions.
Recall that a T -point of Res X/S is an isomorphism class of minimal resolutions
in particular, F is smooth, π is projective and is birational, in the sense that π * O = O, and π induces a minimal resolution of each geometric fibre of α. Given a T -point of Res X/S , define NS( X T /T ) to be the image of Pic(
A T -point of Res P,D consists of a T -point of Res X/S and a homomorphism φ : P → Pic X T / Pic T such that the composite φ : P → NS( X T /T ) satisfies the following conditions:
Note that (iv) is equivalent to the statement that the interior of D, K lies in the ample cone of π.
It is routine to write down the definition of a morphism in each of these stacks, and to verify that appropriate morphisms can be composed.
Let Res P denote the stack obtained by omitting condition (iv). A T -point of Res P,D is a family of P -marked, D, K -polarized surfaces and a T -point of Res P is a family of P -marked surfaces.
There are forgetful morphisms j D : Res P,D → Res P , which is an open immersion, q : Res P → Res X/S and r D = q • j D : Res P,D → Res X/S .
According to [Ar74] the stack Res X/S is represented by a locally quasiseparated algebraic space R over S such that, for every field K, R × Spec K → S × Spec K is an isomorphism. Moreover, if X → S is versal, then R is smooth (in the henselian sense) and irreducible and dominates a unique irreducible component A of S. In particular, R has a unique closed point. Let R h denote the henselization of R at this closed point. Suppose that A 0 ⊂ A is the complement of the discriminant locus δ A and R 0 its inverse image in R: then Artin proves also that R 0 → A 0 is an isomorphism.
Lemma 2.1 The forgetful morphism q : Res P → Res X/S is a torsor under Γ.
PROOF: The action of Γ on Res P is given by the left action of Γ on the set of homomorphisms φ : P → NS that satisfy conditions (i) and (ii): γ(φ) = φ • γ −1 . This makes it clear that q is a pseudo-torsor under Γ.
The fibre of q over s ∈ S is non-empty, so, since S is henselian, it is enough to prove that q is dominant. For this, it is enough to show that, given a henselian local S-scheme (T, t), every T -point of Res X/S lies in the image of q.
Suppose given a minimal resolution π : X T → X T . The resolution X t → X s is minimal, so there is a unit homomorphism φ 0 : P → Pic Xt such that φ(E i ) = E i . (Recall that Q is regarded as a subgroup of P .) Since T is henselian, the obstruction to extending φ 0 (̟ i ) to a class in NS( X T /T ) lies (after passing to formal completions and then algebraizing) in H 2 ( X t , O), so vanishes. Therefore φ 0 extends to φ : P → Pic X T .
In consequence, the forgetful morphisms Res P q → Res X/S and Res P,D r D → Res X/S areétale. Since Res X/S is represented by R, Res P and Res P,D are then represented by locally quasi-separated algebraic spaces R P and R P,D over S, which areétale over R. They form a diagram
PROOF: This is a consequence of the fact that a cone D, K of polarizations is specified in the data that define a point of Res P,D .
Recall that s is the closed point of the henselian local scheme S. For any T → S, let T (s) denote the closed fibre over s. Since S is henselian and local, any scheme Y that is quasi-finite over S has, in consequence of Zariski's Main 
Lemma 2.3 R
h represents the restriction of Res X/S to the category of finite semi-local S-schemes.
PROOF: According to [Ar74] , p. 332, the co-ordinate ring O R h is the direct limit lim → Γ(U, O U ) as U runs over all affineétale neighbourhoods of s in R. Since R → S is quasi-finite, this system is cofinal with the subsystem consisting of those rings Γ(U, O U ) that are finite over S. The lemma follows.
So R h (T ) is the set of isomorphism classes of diagrams
such that D is tesselated by copies of S that are permuted simply transitively by Stab D and the corresponding tesselation of P R is preserved by Γ. For example, take the case of D 4 and label the central vertex as 4. Then D is the R-span of ̟ 1 , ..., ̟ 4 and we can take S to be the cone spanned by
Then an orientation of the nef cone C of X ′ s → X s is the choice of fundamental domain S for the action of Stab D on D where D is the positive chamber defined by the irreducible (−2)-curves E 1 , ..., E r on X ′ s when these curves are regarded as simple roots. Note that C is spanned by D and K X ′ s . Consider the functor Res + defined on the category of semi-local S-schemes T , as follows: its T -points are elements of R h (T ) together with an orientation of the nef cone of X T → X T .
The natural morphism ǫ :
Lemma 2.5 Each forgetful morphism p D : R In particular, identify R h,1 = R h . By construction, there is a family of Pmarked, D-polarized surfaces over R P,D whose fibers are resolutions of the fibers of X → S; via the previous lemma there is then, for each chamber D, a family X
We gather this information into a diagram
where R 1 P,D and R + are semi-local schemes, R h and S are local schemes, ∪R 1 P,D , R P and R are locally quasi-separated algebraic spaces, q is a torsor under Γ and ǫ is a torsor under Stab D .
In particular, p : R P → R + isétale and is the largest separated quotient of R P : every morphism from R P to a separated algebraic space factrs uniquely throgh R + . Therefore all spaces appearing, except maybe S, are smooth in the henselian sense and Γ acts on R + . Now suppose that X → S is versal at s, that A is the Artin component in S (that is, the image of R in S) and that A → A is the normalization. PROOF: The W -action on R h arises from the Γ-action on R + and the fact that R + → R h is a torsor under Stab D , so that the normal subgroup W of Γ acts on each connected component of R + . The effectivity of the action follows from the fact that Γ acts freely on the complement of the discriminant in R + .
Since R 0 → A 0 is an isomorphism, it follows that deg(R 
) and the Zariski tangent space to the locus ∩ D i where each E i survives is
is injective and its image is of codimension l.
(2) D 1 , ..., D l are transverse.
PROOF: Take the cohomology of the exact sequence
the lemma follows from the fact that
The irreducible curves are simple roots in Q. They define a chamber D. We shall identify R 0 P,D;1 with R h . Let σ i denote the reflexion in the simple root α i . In R P there is an effective divisor D P,i defined as
is the class of an effective divisor}. where the simple root r i survives as an effective curve. We have observed that p : R P → R + isétale and that R + is the largest separated quotient of R P , so that p is Γ-equivariant. Moreover, p is an isomorphism over the complement of the discriminant in S (or A).
Therefore, given r ∈ R + and γ ∈ Γ − {1}, r ∈ Fix γ if and only if there is a henselian trait V = {0, η} and two morphisms a, b :
We show next that the generic point r +,i of D +,i lies in the fixed locus F ix +,σ i of σ i acting on R + . Since Γ acts freely on R P , the point r +,i lies in F ix +,σ i if, by the remark just made, there are two morphisms a, b :
To find these morphisms, take any such V and a morphism f : V → R + such that f (0) = r +,i and otherwise f is in general position; then the closed fibre of X V → V has a single A 1 singularity and the generic fibre is smooth. It is well known ("the existence of flops") that if a smoothing of an A 1 singularity possesses a resolution, then it has two such, and they are not isomorphic. Therefore f : V → R + has two liftings a, b : V → R P as described above, so that r +,i ∈ F ix +,σ i . It follows that D h i is contained in the fixed point locus F ix h σ i of σ i acting on R h . To complete the proof of (2), we need to show that Fix 
Suppose φ.(̟ 1 + η 1 ) < 0; then φ.̟ 1 = 0 and φ.η 1 = −1. But φ = j≥1 n j η j with n j ≥ 0, so that φ = j≥2 n j η j and φ.η 1 = −1, which is absurd.
So part (2) of the theorem is proved for every simple reflexion. Every reflexion σ r in a positive root r is conjugate in W to a simple reflexion, so the locus F ix Finally, if X s has only RDPs then S = A, and now Theorem 2.6 is proved.
We have already seen that the non-separated algebraic space R P is obtained by glueing copies R For chambers D, E in P R , the intersection R
where r runs over those positive roots r such that in P R the wall H r separates D and E.
PROOF: It's enough to prove the analogous statement where R h is replaced by
P,E consists of those points x in R 1 P that map to a point t ∈ S such that on the minimal resolution X ′ t of X t the chambers D and E both lie in NE(X ′ t ). This is equivalent to saying that D and E both lie on the positive side of the wall H r if the positive root r corresponds to an effective cycle on X ′ t , and there is nothing left to prove. Corollary 2.10 W acts freely on R 0 P and R = R 0 P /W . Now suppose that k = R and that X s has a du Val singularity. According to Brieskorn, Slodowy et al. we can, by abuse of notation, write S = [t/W ] and R h = t, where t is a Cartan subalgebra of the Lie algebra of the relevant split simple algebraic group. So R h is a complexified hyperplane arrangement. Let S 0 ⊆ S be the complement of the discriminant and S 0 the inverse image of S 0 in R h .
Corollary 2.11 (1) S 0 (C) is weakly homotopy equivalent to R(R).
(2) R(R) is a K(π, 1), where π is the corresponding generalized braid group.
PROOF: By Corollary 2.9, R 0 P (R) is nothing but the non-separated manifold Z(A)(R). The main result of [Pr] is that there is a W -equivariant map S 0 (C) → Z(A)(R) that is a weak homotopy equivalence. Since W acts freely on both sides, taking quotients by W gives a weak homotopy equivalence
The second part is a result of Deligne's [D] . Now suppose that k is algebraically closed.
Corollary 2.12 Suppose given a normal local henselian scheme (T, 0) and a family g : Y → T of surfaces such that the closed fibre Y 0 has only du Val singularities and the generic fibre is smooth. Then Y → T has a resolution if and only if the Galois action on H 2 of the generic fibre is trivial.
PROOF: The question is local on Y , so we may assume that Y → T is pulled back via a morphism T → S whose image does not lie in the discriminant locus of f : X → S. On the one hand, the W -covering R 0 D → S 0 is exactly the covering defined by the monodromy action on H 2 of the geometric generic fibre of X → S, while on the other Y → T has a resolution if and only if the map T → S factors through R D . Since T is normal, we are done.
Corollary 2.13 If Z → B is a quasi-projective family of surfaces whose geometric fibres have only du Val singularities, then for every b ∈ B there is a finite covering T of someétale neighbourhood of b such that the induced family Z T → T admits a simultaneous resolution.
Remark: (1) Note that for families that map to the discriminant locus in S, it might be necessary to take an inseparable cover; for example, this happens for the family xy + z 2 + t = 0 of A 1 singularities in characteristic 2. (2) Suppose that X → C is a morphism from the germ of a smooth threefold to the germ of a smooth curve, that the closed fiber X s has a du Val singularity and that char k = 0. Then the monodromy (the image of a generator of the local π 1 , the fundamental group of the punctured curve) is a Coxeter element of W . However, in positive or mixed characteristic the local π 1 is a local Galois group and is not cyclic and it is not clear how to describe the image of this Galois group in W . For example, if the residue characteristic is 3 and the type of the singularity is A 2 then the image of Galois equals W .
Moduli of Enriques surfaces
Suppose that k is an algebraically closed field of characteristic 2 and that Y is a smooth Enriques surface over k. Then NS(Y ) is isomorphic to the even unimodular lattice E = E 10 (−1). Denote by O(E) the orthogonal group of E and O + (E) the index 2 subgroup of O(E) consisting of elements that preserve the two cones of positive vectors in E R . It is known [CD89] that O + (E) is the Weyl group W (E), the group generated by reflexions in the roots of E. Fix, once and for all, a chamber D 0 defined by the roots (that is, the (−2)-vectors) in the positive cone of E R. (We shall not always be scrupulous in distinguishing between D and its closure.) This defines a root basis β 1 , . . . , β 10 of E that in turn defines a Dynkin diagram of type E 10 = T 2,3,7 . We recover D 0 as D 0 = R ≥0 ̟ i , where ̟ 1 , . . . , ̟ 10 are the fundamental dominant weights defined by the root basis. That is, ̟ i .β j = δ ij . We label the simple roots β 1 , . . . , β 10 according to the diagram
According to [L15] and [EHS] , the weight ̟ 1 defines a Cossec-Verra polarization λ on Y ; in turn this defines a birational contraction Y → Z 0 , where Z 0 has du Val singularities, such that λ descends to an ample class λ on Z 0 . The forgetful map Def Z 0 ,λ → Def Z 0 of infinitesimal deformation functors is an isomorphic, as is the corresponding morphism of henselian functors, and [Li10] these functors are formally smooth over either Spec W (k)[[f, g]]/(f g − 2) or Spec W (k) according to whether Pic τ Y is isomorphic to α 2 or not. Suppose that Z → S is a versal deformation of (Z 0 , λ) and that S is henselian; then consider the stack Res D over S that is defined much as before: the objects over an S-scheme T consist of a resolution π : Z T → Z T together with a choice of chamber D in the nef cone of Z T → T such that π * λ is the vector corresponding to ̟ 1 under the unique isomorphism D 0 → D. As before, Res D is represented by a finite local S-scheme R D that carries an action of a Weyl group W such that the geometric quotient [R D /W ] is S. The Weyl group is that associated to the configuration of singularities on Z 0 . The root lattice corresponding to this configuration embeds into the root lattice of type D 9 , since D 9 is the orthogonal complement of ̟ 1 in E 10 .
The infinitesimal functors Def Y and Def Y,D are also isomorphic, so there is, as before, a diagram
where α is formally smooth. We can summarize this discussion in the following result. PROOF: The only thing that has not been proved is that, with the stated exceptions, Def Y is regular. This is proved in [EHS] . More precisely, if Y is an α 2 -surface, then a hull for Def Y is given by W [[f, x 2 , . . . , x 12 ]]/(f g − 2), where g is divisible by neither 2 nor f , and otherwise it is a power series ring over W .
Remark: This picture describing the local moduli of Enriques surfaces can now be described in terms of the local picture above.
Suppose that S 1 is the base of a versal deformation Z 1 → S 1 of a sufficiently small affineétale neighbourhood of Sing Since both vertical arrows are W -coverings, the square is Cartesian (which was not obvious a priori ).
